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Abstract. An extension of the new standard model, by introducing a mixing of the low mass “active”
neutrinos with heavy ones, or by any model with lepton flavor violation, is considered. This leads to non-
orthogonal neutrino production and detection states and to modifications of neutrino oscillations in both
vacuum and matter. The possibility of the discovery of such effects in current and future neutrino oscilla-
tion experiments is discussed. First order approximation formulas for the flavor transition probabilities in
constant density matter, for all experimentally available channels, are given. Numerical calculations of flavor
transition probabilities for two sets of new physics parameters describing a single “effective” heavy neutrino
state, both satisfying present experimental constraints, have been performed. Two energy ranges and several
baselines, assuming both the current (±2σ) and the expected future errors (±3%) of the neutrino oscillation
parameters are considered, keeping their present central values. It appears that the biggest potential of the
discovery of the possible presence of any new physics is pronounced in oscillation channels in which νe and
νē are not involved at all, especially for two baselines, L= 3000 km and L= 7500 km, which for other reasons
are also called “magic” for future Neutrino Factory experiments.

PACS. 13.15.+g; 14.60.Pq; 14.60.St

1 Introduction

For several years, neutrinos have been considered to be
massive particles [1–13, 15, 16]1, and therefore the ortho-
dox standard model (SM) with massless neutrinos must
be extended. There exist two possibilities. Firstly, the ex-
tension of the SM can appear only at a very high energy
scale, the GUT/Planck scale, and the non-zero neutrino
masses are just the visible indication of such “high en-
ergy” physics in our “low energy” world. Such a scenario
is usually called the new standard model (νSM). Secondly,
some new physics (NP) may already be present at the
TeV scale, that means, at energies close to our present-
day experimental facilities. The second of these possibil-
ities is more appealing from both the experimental and
the theoretical points of view. Such a “low energy” NP
can participate in neutrino flavor transitions, so it could
possibly be measured in future neutrino oscillation experi-
ments. Then everything is dependent on the precision of
the planned experiments. The bounds on the NP param-
eters, which arise from today’s experiments, are too re-
strictive to give any good chance to see any effects in the
present neutrino flavor transition data, taking into account
the fact that the present precision in the determination of
the neutrino oscillation parameters (of about 10% [17–20])
effectively screens off any possible presence of NP. How-

a e-mail: Marek.Zralek@us.edu.pl
1 Reviews of solar neutrinos include J. Bahcall’s URL [14].

ever, the combined expected results from future neutrino
facilities, like Beta Beam, Super Beam, and Neutrino Fac-
tory, should bring the neutrino oscillation parameter errors
down to about 1%–3% [21, 22] and therefore give a chance
for the discovery of effects that possibly could not be ex-
plained by the “present physics”.
The potential for the NP discovery is considered in this

paper. There are many ways in which NP can modify neu-
trino oscillations. The non-standard effects can directly
change oscillation probabilities (the so called “damping
signatures” [23, 24]), or they canmodify the oscillation am-
plitudes (by non-standard Hamiltonian effects [25–82]),
where both oscillations in vacuum and in matter can be
affected. These possibilities have extensively been exam-
ined in the existing literature. Thus, there are models
with sterile [25–28] or/and heavy [29] neutrinos, gen-
eral models with lepton flavor violation (LFV) [30, 31],
non-standard interactions [32–40], flavor changing neu-
tral currents [41–43], general fermion interactions [44] and
mass varying neutrinos [45–49]. Next, there are models
with non-unitary leptonic mixing [50, 51], violation of the
Lorentz symmetry [52, 53], violation of the principle of gen-
eral relativity [54–57] and violation of the CPT symme-
try [58–60]. Finally, there are models that modify neutrino
oscillations, i.e. models with neutrino wave packet deco-
herence [61–65], neutrinos’ decays [66–73] and neutrino
quantum decoherence [74–82].
In this paper, we discuss one class of NP only, which can

be obtained by mixing of the low mass “active” neutrinos
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with heavy ones [29], or by any model with LFV [30, 31], in
both of which neutrinos interact with matter particles by
the left-handed charge and neutral currents only. In such
models, the effective mixing matrix is non-unitary, result-
ing in non-orthogonal neutrino production and detection
states. This non-orthogonality by itself modifies neutrino
oscillations in vacuum. Apart from this, the neutrino inter-
actions with matter particles are non-standard, so the os-
cillation effects in matter are further modified as well. Both
these effects are here taken into account. Additionally,
in our numerical calculations, we assume both ±3% and
±2σ errors of today’s νSM neutrino oscillation parameters,
keeping their present central values (see Sect. 3). The fla-
vor transition probabilities were calculated for two energy
ranges and several baselines [83, 84]. Two of these base-
lines, L = 3000 km and L = 7500 km, are called “magic”
for future Neutrino Factory experiments, as they are espe-
cially useful for CP violation discovery (L= 3000 km) [85]
or optimal for resolving the oscillation parameters degen-
eracy problem (L= 7500 km). We have performed our nu-
merical calculations of flavor oscillation probabilities for
all available channels for two sets of NP parameters that
describe a single “effective” heavy neutrino state, both sat-
isfying present experimental constraints. One of the easiest
channels, from the experimental point of view [86, 87], is
the νµ→ νe one, but it will be difficult to observe any NP
there (as it will also be in all another channels in which
νe or νē are involved). In two other channels, νµ→ ντ and
νµ→ νµ (and in the corresponding antineutrino channels),
the effects of NP are seen with the largest intensity, espe-
cially for the “magic” baselines mentioned above [88]. In
the next section we investigate how the NP modifies νSM
oscillation transition probabilities. We discuss all leading
terms, which give the new non-orthogonal production and
detection states and which modify the neutrino coherent
scattering on matter particles. We also discuss the rea-
son why all channels with νµ or ντ as the initial and final
neutrinos (and the corresponding antineutrino channels),
i.e. all channels in which νe and νē are not involved at all,
are the most desired ones. Then, in Sect. 3, we present the
results of our numerical simulations. And finally, in Sect. 4,
we give our conclusions. In the appendix we collect all
formulas for the flavor transition probabilities in constant
density matter for all experimentally available channels.

2 Searching for new physics
in neutrino oscillation experiments

If one takes into account that only relativistic neutrinos
are detected (and that only left-handed vector interactions
are considered), the detection rateNβα of the νβ neutrinos,
coming from the produced να neutrinos, factorizes into
three parts, the production flux Nα, the transition proba-
bility Pα→β , and the detection cross section σβ :

Nβα =NαPα→βσβ . (1)

Any physics beyond the νSM will modify all of these three
parts (or even the above factorization will be made impos-

sible). In this paper, we only discuss the modifications of
the probability of neutrino flavor transition from a produc-
tion state |νP〉 to the detection state |νD〉, leaving the mod-
ifications of the production and detection neutrino cross
sections for detailed considerations in the future.
In the frame of the νSM, the production or detection

neutrino states are equal to the appropriate orthonormal
neutrino flavor states |να〉. The NP modifies this depen-
dence and therefore the |νP,D〉 states are only approxi-
mately equal to the |να〉 states. Let us assume that the
neutrinos are produced in the following process:

�+X→ ν+Y , (2)

where � is a charged lepton (�= e, µ, τ), and X and Y are
hadrons. Then the normalized neutrino production state
|νP〉 can be defined as

|νP〉=

∑n
i=1 A(�+X→ νi+Y )|νi〉√∑n
i=1 |A(�+X→ νi+Y )|

2
, (3)

where A(�+X → νi+Y ) is the amplitude for the pro-
cess (2), in which the neutrino eigenmass state |νi〉 is pro-
duced. The sum in (3) goes over all neutrinos with masses
mi that are kinematically allowed. If particle spins were
taken into account, instead of the pure states of (3), we
would have to use mixed states described by an appropri-
ate density matrix.
Let us consider a NPmodel, in which besides three light

νSM neutrinos there are also heavier ones, which couple to
the light charged leptons in a non-negligible way [29]. To be
more precise, we assume the charge current Lagrangian in
the following form (n > 3):

LCC =
e

2
√
2 sin θW

∑

α=e,µ,τ

n∑

i=1

ψαγ
µ(1−γ5)(Uν)αiνiW

−
µ

+h.c. , (4)

and similarly the neutral current Lagrangian in the follow-
ing form:

LNC =
e

2 sin(2θW)

∑

i,j

νiγ
µ(1−γ5)ΩijνjZµ , (5)

where

Ωij =
∑

α=e,µ,τ

(Uν)
∗
αi(Uν)αj . (6)

The n×n matrix Uν defines the mixing between the fla-
vor and mass states. So, e.g. assuming three light and three
heavy neutrinos, we have

⎛

⎜
⎜
⎜
⎜
⎜
⎝

νe
νµ
ντ
Ne
Nµ
Nτ

⎞

⎟
⎟
⎟
⎟
⎟
⎠

=

(
Uαi VαI
V ′ai U

′
aI

)

⎛

⎜
⎜
⎜
⎜
⎜
⎝

ν1
ν2
ν3
N1
N2
N3

⎞

⎟
⎟
⎟
⎟
⎟
⎠

, (7)
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where all submatrices (U , V , V ′ and U ′) have dimensions
3×3. The three additional neutrino states,Ne,Nµ andNτ ,
do not couple to charged leptons. For Majorana neutrinos
the submatrices U and V , which explicitly enter the inter-
action Lagrangian (4), depend on 3n−6 moduli and 3n−6
CP violating phases. For Dirac neutrinos n−1 phases can
be eliminated, giving altogether 2n−5 phases, which, in
principle, can enter the NP neutrino flavor transition prob-
abilities. If we assume that in the process given by (2) the
energy conservation does not allow one to produce heavy
neutrinos Ni, then, according to (3), the neutrino produc-
tion state (|νP〉) is given by

|νP〉=
1

√∑3
i=1 |U�i|

2

3∑

i=1

U∗�i|νi〉 . (8)

Such states are normalized but not orthogonal. As the mix-
ing of heavy neutrinos is small (|VαI |2� 1), the matrix
U is almost unitary. If we assume that a matrix U de-
scribes a unitary transition and is parameterized by the
standard three mixing angles θ12, θ13 and θ23 and one stan-
dard Dirac CP breaking phase δ13, then the orthonormal
neutrino flavor state |να〉 is the following combination of
neutrino mass states |νi〉:

|να〉=
3∑

i=1

U∗αi|νi〉 . (9)

The U matrix can be parameterized by a matrix Λ close to
the unit matrix 1:

U = ΛU , with Λ= 1− δΛ , (10)

and therefore the production state |νP〉 in (3) is close to the
eigenflavor state |να〉 and can also be decomposed in the
orthonormal flavor basis:

|νP〉 ≡ |ν̃�〉=
∑

α=e,µ,τ

d∗�α|να〉 , (11)

where the d�α parameters are equal to

d�α =
Λ�α

√∑3
i=1 |U�i|

2

. (12)

In the general case, the values of the parameters (1−
Λ)�α = (δΛ)�α ≡ δλ�α depend on the production (detec-
tion) process [30, 31, 89–92], and are bounded by the ex-
isting charged lepton data. The same parameterization as
in (11) was considered in [30, 31], where the general lep-
ton flavor violation NP model is discussed. In each row of
the d�α matrix, practically only one element has a non-
negligible value, namely

|d��| ≤ 1 , and |d�α| ≈ 0 , for α �= � . (13)

In general, however, the 3× 3 matrix δΛ can have all
elements non-vanishing. Therefore, nine moduli and nine
phases can generally parameterize any kind of NP. Not all

phases play a role in the transition probabilities. Five Ma-
jorana type phases do not enter any transition probability
formula, hence only four phases remain.
In the model considered here, the elements of the δΛ

matrix are connected with the heavy neutrino mixing ma-
trix V . From the unitary condition for the full Uν ma-
trix we get the following relation between the Λ and V
matrices:

ΛΛ† = 1−V V † , (14)

so, neglecting the δΛδΛ† term, we have

δΛ+ δΛ† = V V † , (15)

or, explicitly,

δλαβ+ δλ
∗
βα = cαβ , cαβ = (V V

†)αβ . (16)

Note that these are not explicit formulas for individual
δλαβ elements. However, terms in the form of the left-hand
sides of (15) and (16) may often entirely describe the NP ef-
fects for modified matter oscillations (see (18) and (39) be-
low). If we need the knowledge of individual δλαβ elements,
for example in order to calculate the new production and
detection neutrino state modifications, then they need to
be calculated from (10) (see (22) below and the appendix).
Up to now we have only considered the modifications

of the initial and final neutrino states in the probabil-
ity formula. Such modifications will change the neutrino
propagation even in vacuum. Yet, if neutrinos pass mat-
ter additional effects arise. The coherent neutrino scatter-
ing on matter particles is modified by NP and because
of this (i) neutrinos acquire different effective masses and
(ii) their coherent scattering amplitude is modified. These
effects can be parameterized by a NP effective Hamiltonian
HNP [93–95]. The matrix representation of theHNP opera-
tor depends on the basis of states. Generally, in the basis of
states of produced and detected neutrinos, the HNP oper-
ator is not represented by a hermitian matrix. However, it
is represented by a hermitian matrix in the eigenmass basis
(|νi〉) and in any basis that is unitary transformed, e.g. in
the basis of eigenflavor orthonormal neutrino states given
by (9). Therefore, in the orthonormal flavor basis (|να〉), we
can write

HNP =
Ae

2Eν

⎛

⎝
εee εeµe

iχeµ εeτ e
iχeτ

εeµe
−iχeµ εµµ εµτe

iχµτ

εeτ e
−iχeτ εµτ e

−iχµτ εττ

⎞

⎠ , (17)

whereAe = 2
√
2GFNeEν is the usual effective amplitude of

the neutrino, which depends on the electron matter dens-
ity Ne, and εαβ and χαβ are NP parameters, moduli and
phases, which describe the effective NP neutrino interac-
tion with the matter particles e, p and n. In the general
case these parameters depend in a complicated way on the
NP andmatter properties. For uncharged, unpolarized and
isotropic matter, the parameters ε are connected with the
c parameters in a simple way (see (19) below). For ex-
ample, in the frame of the model that we consider ((4)
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and (5) [29]), the effective NP Hamiltonian given by (17)
can be determined and, neglecting second order terms in
δΛ, is equal to

HNP =
1

2Eν

(
−Ae[E(1)δΛ+ δΛ

†E(1)]+An[δΛ+ δΛ
†]
)
,

(18)

where An =
√
2GFNnEν depends on the neutron matter

density Nn (in earth matter An/Ae ≈ 1/2) and E(1)αβ =
δαeδβe. Now, by comparing (17) and (18), we can find the
following connection between their parameters (β ≥ α and
χαα ≡ 0; it may often be the case that δλeµ = δλeτ = 0, and
then cαβ entirely describe the NP effects for modified mat-
ter oscillations – compare (39) below):

εαβe
iχαβ =

(
An

Ae
− δαeδβe

)

cαβ− δαe(1− δβe)δλeβ . (19)

For high energy neutrino beams with Eν ≈ O(GeV), the
following two small parameters, which describe νSM neu-
trino oscillations, are important (for lower energies, Eν ≈
O(MeV), a third small factor, Ae/δm

2
31, would enter into

the game, too):

α=
δm221
δm231

≈±0.03 and sin2(2θ13)≤ 0.05 . (20)

Also all cαβ and εαβ parameters, which describe NP, are
small. Therefore, we can expand the neutrino oscillation
probabilities in these small quantities, keeping only the
leading first order terms. In this approximation, the full
transition probability, for any flavor and the baseline L,
can be decomposed into two terms, the νSM probability,
and the correction to it given by NP:

PP (α)→D(β)(L) = P
SM
α→β(L)+ δP

NP
α→β(L) . (21)

The NP correction probability we decompose again into
two terms, the c term, which is responsible for the initial
and final neutrino state modifications (see the appendix),
and the ε term, which takes into account the NP influence
on the coherent neutrino scattering in matter:

δPNPα→β(L) = δP
c
α→β(L)+ δP

ε
α→β(L) . (22)

The ε term also consists of two terms. The first one,
which is responsible for an effective neutrino mass change,
and the second one, which describes the additional NP im-
pact on coherent neutrino scattering with matter particles,
are

δP εα→β(L) = δP
mass
α→β(L)+ δP

int
α→β(L) . (23)

Generally, the production and detection states are not
orthogonal:

〈νP (α)|νD(β)〉 �= δαβ , (24)

and as a consequence the probability of the neutrino oscil-
lation is not conserved:

∑

all β

PP (α)→P (β) �= 1 . (25)

However, the neutrino oscillation probability of the νSM is
normalized to 1:

∑

all β

P SMα→β = 1 , (26)

whereas the other terms satisfy

∑

all β

δP cα→β �= 0 ,

∑

all β

δPmassα→β = 0,
∑

all β

δP intα→β = 0 . (27)

In the next section neutrino propagation in the earth
matter will be discussed. In our numerical calculations
of neutrino flavor transitions we use the realistic
PREM I [96, 97] earth density profile model. However,
explicit analytical formulas for the flavor transition prob-
abilities can only be given for the case of constant density
matter. Both NP corrections, which are important for neu-
trino transitions in matter, δP intβ→γ(L) and δP

mass
β→γ (L), are

small; therefore, their linear decomposition in terms of α
and sin(2θ13) is a very good approximation (in all formulas,
we assume δm221 = δm

2
sol and δm

2
31 = ±δm

2
atm+ δm

2
sol/2,

where the upper/lower sign refers to the normal/inverted
mass hierarchy [98, 99]):

δP intβ→γ =B
0
βγ+αB

α
βγ+sin(2θ13)B

s
βγ , (28)

and similarly

δPmassβ→γ = C
0
βγ+αC

α
βγ+sin(2θ13)C

s
βγ . (29)

The largest terms that are not suppressed, neither by α
nor by sin(2θ13), namely the terms B

0
βγ and C

0
βγ , do not

appear in any νe nor in νē related channels. Such terms
are only present in the νµ→ ντ , νµ→ νµ and ντ → ντ os-
cillation channels (and in the corresponding antineutrino
oscillation channels). For all such channels they are, up to
the sign, the same and have the following form:

B0 = Âe sin(4θ23){sin(2θ23)(εµµ− εττ)

+2 cos(2θ23) cos(χµτ )εµτ} sin
2(∆) , (30)

and

C0 = Âe∆ sin
2(2θ23){− cos(2θ23)(εµµ− εττ)

+2 sin(2θ23) cos(χµτ )εµτ} sin(2∆) , (31)

where

Âe ≡
Ae

δm231
and ∆=

δm231L

2Eν
. (32)

For the νµ→ ντ and νµ→ νµ transitions we obtain

B0µτ =−B
0
µµ =B

0 and C0µτ =−C
0
µµ = C

0 . (33)

Unfortunately, these channels, wherein we can expect the
largest NP effects, are not easily reached experimentally.
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To see the NP effects in channels where they are sup-
pressed, in the next section, we discuss one of the easiest
experimental channels, the νµ→ νe one. All non-leading
terms in (28) and (29), together with all terms for an-
tineutrino and time reversal channels, are given in the
appendix.
In the model that we discuss, the c parameters are

constrained from the existing experimental
data [29, 100–104]:

cee ≤ 0.0054 , cµµ ≤ 0.0096 , cττ ≤ 0.016 ,

|ceµ|= |cµe| ≤ 0.0001 , |ceτ |= |cτe| ≤ 0.009 ,

|cµτ |= |cτµ| ≤ 0.012 . (34)

There are no constraints on the phases. The ε parameters
for the neutrino propagation in matter (17) are determined
from the relations given by (19).
These are also the confinements that we use in the next

section, where we present some results of our numerical cal-
culations of the differences of the transition probabilities
between CP conjugate channels:

∆PCPα→β(L) = Pα→β(L)−Pα→β(L) . (35)

3 New physics
in future neutrino oscillation experiments

In order to check the effects of the NP described above, the
probability differences ∆PCPα→β (35) for two energy ranges
and several baselines have been calculated. Both the en-
ergy ranges and the baselines have been chosen with the
prospect of existing, planned, and feasible experiments.
In view of the Beta Beam and Super Beam experiments,
the first energy range is Eν = 0.1–5 GeV and the consid-
ered baselines are L= 130, 295 and 810 km [105–107]. In
view of the Neutrino Factory experiments, the second en-
ergy range is Eν = 1–50GeV and the considered baselines
are L = 732, 3000 and 7500 km [108, 109]. In our numeri-
cal calculations of the neutrino flavor transitions, we use
the realistic PREM I [96, 97] earth density profile model,
which assesses the actual matter density ρ and the actual
electron fraction Ye, along the neutrino flight path in the
earth’s interior. Then we have

Ae[eV
2] = 7.63×10−5

[
ρ

g/cm3

][
Ye

0.5

][
Eν

GeV

]

,

An[eV
2] = 7.63×10−5

[
ρ

g/cm3

]

[1−Ye]

[
Eν

GeV

]

. (36)

Note here that for L � 874 km neutrinos pass only
the first shell of the earth’s crust, with a constant dens-
ity ρ = 2.6 g/cm3 and Ye = 0.494, thus Ae[eV

2] = 1.96×
10−4[Eν/GeV] and An[eV

2] = 1.0×10−4[Eν/GeV].
The νSM oscillation parameters, together with their

±2σ errors (95% C.L.; correlations among the parameters
are currently considered small), are taken from the current

global best fit values [98, 99]:

sin2(θ13) = 0.9
+2.3
−0.9×10

−2 ,

δm2sol = 7.92(1±0.09)×10
−5[eV2] ,

sin2(θ12) = 0.314
(
1+0.18−0.15

)
,

δm2atm = 2.4
(
1+0.21−0.26

)
×10−3[eV2] ,

sin2(θ23) = 0.44
(
1+0.41−0.22

)
. (37)

In order to implement the effects of heavy neutrinos,
as discussed in the previous section, the matrix V must be
introduced. As the number of heavy non-decoupling neu-
trinos is unknown, we parameterize it in a simplified way,
using a single “effective” heavy neutrino state. In this way,
the number of independent quantities parameterizing the
matrix U�i in (8) are six moduli and three CP phases:
three standard mixing angles (θ12, θ13, θ23) plus one stan-
dard Dirac phase (δ13) plus three new small NP mixing an-
gles (θ14, θ24, θ34) plus two new NP Dirac phases (δ24, δ34).
Then

V =

⎛

⎝
sin(θ14)

cos(θ14) sin(θ24)e
−iδ24

cos(θ14) cos(θ24) sin(θ34)e
−iδ34

⎞

⎠ , (38)

and

δΛ=
⎛

⎜
⎜
⎜
⎝

1− cos(θ14) 0 0

sin(θ14) sin(θ24)e
−iδ24 1− cos(θ24) 0

sin(θ14) cos(θ24) sin(θ24) sin(θ34) 1− cos(θ34)
× sin(θ34)e−iδ34 ×e−i(δ34−δ24)

⎞

⎟
⎟
⎟
⎠
.

(39)

Two sets of V parameters, both satisfying present ex-
perimental constraints given by (34), are discussed below:

(A):

⎛

⎝
0.001
0.1e−iδ24

0.1e−iδ34

⎞

⎠ , (B):

⎛

⎝
0.01

0.01e−iδ24

0.1e−iδ34

⎞

⎠ . (40)

All calculations have been performed assuming the dir-
ect mass scheme only. As nothing is known about the
values of the CP phases, we allow them to vary freely.
For both V sets, we notice that the biggest potential

for the discovery of the possible presence of any NP is pro-
nounced in oscillation channels in which νe and νē are not
involved at all; that is, in νµ→ ντ and νµ→ νµ (includ-
ing the corresponding antineutrino channels). The effects
are especially visible for two baselines, L = 3000 km and
L= 7500 km, which, for other reasons, are also considered
“magic” for future Neutrino Factory experiments. More-
over, comparing numerical results for these two sets of V
parameters, we can clearly see that, as in (40.B) the mag-
nitude of the middle row is ten times smaller than the
corresponding magnitude in (40.A), the NP effects for the
second V set (40.B) are smaller by a similar factor (com-
pare (41) below), too.
In order to find how the uncertainty of the estimation

of the νSM oscillation parameters can mimic any possible
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Fig. 1. The probability differences ∆PCPµ→τ for three baselines L= 732, 3000, 7500 km (each column of graphs corresponds to
a single L), for the energy range Eν = 1–50 GeV. Calculations assuming the νSM only are presented in the upper row of graphs,
whereas results with NP are shown in the middle and bottom rows, except for the hashed band , identical in all rows, which cor-
responds to the current global best fit parameters with any feasible δ13 value and νSM only (no NP). The dark (light) gray
band in the upper row corresponds to ±3% (±2σ) deviations of the νSM neutrino oscillation parameters with any feasible δ13
value. The light gray band in the middle (bottom) row corresponds to the current global best fit parameters with NP V param-
eters set (40.A) ((40.B)), with any feasible values of δ13, δ24, δ34. Curves present in all graphs correspond to the current global
best fit parameters with all feasible CP phases equal to 0 (solid curves) and with exactly one of them equal to π/2 (dotted and
dashed curves)
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Fig. 2. The probability differences ∆PCPµ→µ for two baselines L= 3000, 7500 km (the left and middle columns of graphs), and

∆PCPµ→e for L= 7500 km (the right column of graphs) for the energy range Eν = 1–50 GeV. Calculations assuming the νSM only
are presented in the upper row of graphs, whereas results with NP are shown in themiddle and bottom rows, except for the hashed
band , identical in all rows, which corresponds to the current global best fit parameters with any feasible δ13 value and νSM only
(no NP). The dark (light) gray band in the upper row corresponds to ±3% (±2σ) deviations of the νSM neutrino oscillation pa-
rameters with any feasible δ13 value. The light gray band in the middle (bottom) row corresponds to the current global best fit
parameters with NP V parameters set (40.A) ((40.B)), with any feasible values of δ13, δ24, δ34. Curves present in all graphs cor-
respond to the current global best fit parameters with all feasible CP phases equal to 0 (solid curves) and with exactly one of them
equal to π/2 (dotted and dashed curves)
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NP effects, we have also performed calculations allowing all
νSM oscillation parameters to vary by±3% and±2σ (note
here that the±2σ test is also useful in a qualitative estima-
tion of the effect of the uncertainties in the earth density
profile on the νSM results).We have found that, in general,
in order to give a chance for the discovery of NP effects, it
is required that νSM neutrino oscillation parameter errors
should be diminished to the values expected in the future
(of about ±3%). However, using neutrinos with energies
Eν � 15 GeV, together with the “magic” baselines men-
tioned above, it should even be possible to see NP effects
with today’s νSM neutrino oscillation parameter uncer-
tainties (of about ±2σ). But this chance depends on the
actual magnitudes of the NP parameters and the actual
precision of the experiment (which may, of course, be re-
quired to be much better than the allowed νSM neutrino
oscillation parameter errors).
In Fig. 1, the probability differences∆PCPµ→τ , for the sec-

ond energy range, and the corresponding baselines set, are
shown. The NP effects atL= 732 km, when scaled by a fac-
tor L/Eν, can be used as an approximate estimation of the
expectedresults for thefirstenergyrangewith its considered
baselines (for whichwe do not showpictures in this paper).
In the left and middle columns of Fig. 2, the proba-

bility differences ∆PCPµ→µ for the second energy range and
the two “magic” Neutrino Factory baselines are shown. For
this oscillation channel, the NP effect at L= 732 km is sig-
nificantly smaller than in the νµ→ ντ channel at the same
distance. This is also the case for this oscillation channel in
the first energy range with its considered baselines. Hence,
we do not show the corresponding pictures in this paper
either.
Note that, in general, the transition probabilities of

both neutrino and antineutrino oscillations depend on
matter properties in a different way. However, at higher
energies the νSM dependence is very much similar; thus
any possible uncertainties in the earth density profile
cancel in the νSM probability differences (see the upper
row of graphs, in both figures, for Eν � 15GeV). In this
way, any signal that the probability differences in this
energy range are distinctly different from zero will indi-
cate that some NP exists. The statistical significance of
such a signal depends on its actual magnitude. For ex-
ample, for the first V set (40.A), and L = 7500 km, there
exists a maximum at Eν ≈ 30GeV, in which ∆PCPµ→τ ≈
−∆PCPµ→µ ≈ ±0.06, while Pµ→τ ≈ Pµ→µ ≈ 0.5, and thus

∆PCP/P ≈±0.12 (see the middle row of graphs in both
figures). The neutrino energy dependent magnitude of this
effect can well be reproduced just by the largest term in
the δPmassβ→γ NP correction (responsible for the effective
neutrino mass change, see (29)), which is not suppressed
either by α, nor by sin(2θ13). Taking into account the
fact that Pα→β(δij , Âe) = Pα→β(−δij ,−Âe), one can write
(see (31))

∆PCPµ→τ ≈−∆P
CP
µ→µ ≈ 2C

0

≈ 4Âe sin
3(2θ23)∆ sin(2∆) cos(χµτ )εµτ .

(41)

It should be noted, however, that the above formula does
not reproduce the ∆PCPµ→τ well, in case one of the NP feas-
ible CP phases (χµτ = δ34− δ24) is equal to π/2 (see the
dotted and dashed curves in Fig. 1). The reason is that
in the above estimation we completely neglect several ex-
plicit CP asymmetry enhancing terms, for example ones
proportional to sin(χαβ), which are relevant in the ∆P

CP
µ→τ

case, but which never appear in the case of ∆PCPµ→µ (see the
appendix; note also that these asymmetry terms become
dominant at short baselines, and that is why the NP ef-
fect at L= 732 km is significantly smaller in the νµ→ νµ
channel than in the νµ→ ντ channel at the same distance).
From the above formula we can easily learn that the mag-
nitude of this NP effect is linearly proportional to both
the actual matter density, through the term Âe, and to the
εµτ NP parameter (thus, as the value of the εµτ parameter
that results from (40.B) is ten times smaller than the one
from (40.A), the NP effect for the second V set (40.B) is
smaller by a similar factor, too).
As already mentioned, one of the easiest channels, from

the experimental point of view, is the νµ→ νe one, but it
will be difficult to observe any NP there (as it will be in all
channels in which νe or νē are involved). In the right col-
umn of Fig. 2, the probability differences ∆PCPµ→e for the
second energy range and the longest considered baseline
are shown (where the biggest effects are expected). It can
be seen that the NP effect is rather miserable in this os-
cillation channel, regardless of the V set given by (40).
This conclusion holds also for all other similar oscillation
channels and both energy ranges with the corresponding
baselines. Moreover, these oscillation channels are sensi-
tive to the (not so very well known) value of sin2(θ13).
In the other channels, without νe and νē, the dependence
on sin2(θ13) is small, giving a better chance to see the
NP effects.

4 Conclusions

In the paper, by introducing a mixing of the low mass
“active” neutrinos with heavy ones, we have investigated
a possible new physics (NP) scenario that is already
present at the TeV scale, that means, at energies close to
our present-day experimental facilities. In the presented
model (as also in any model with lepton flavor violation),
the effective mixing matrix is non-unitary, resulting in
non-orthogonal neutrino production and detection states.
This leads to the modification of the neutrino oscillations
in vacuum. Additionally, non-standard neutrino interac-
tions with matter particles influence the oscillation effects
also. First order approximation formulas for the flavor
transition probabilities, in constant density matter, for all
experimentally available channels, have been given. The
possibilities of the experimental verification of the pre-
dictions of such a model have been discussed with the
prospect of the existing, planned, and feasible Beta Beam,
Super Beam, and Neutrino Factory experiments. Numer-
ical calculations of the flavor transition probabilities for
two sets (satisfying the present experimental constraints)
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of the NP parameters that describe a single “effective”
heavy neutrino state have been performed. They took
into account two energy ranges and several baselines, as-
suming both the current (±2σ) and the errors (±3%)
expected in the future of today’s νSM neutrino oscilla-
tion parameters, keeping unchanged their present central
values. The realistic PREM I earth density profile model
has been applied. One of the easiest channels, from the ex-
perimental point of view, is the νµ→ νe one, but it will
be difficult to observe any NP there (as it will also be in
all channels in which νe or νē are involved). It appears
that the greatest potential for the discovery of any pos-
sible presence of NP is in oscillation channels in which
νe and νē are not involved at all; that is, in νµ→ ντ and
νµ → νµ (and in the corresponding antineutrino chan-
nels). The effects are especially visible for the two so
called “magic” Neutrino Factory baselines, L = 3000 km
and L = 7500 km. We have also found that in general, in
order to give a chance for the discovery of the NP effects,
it is required that the νSM neutrino oscillation param-
eter errors should be diminished to the values expected
in the future (of about ±3%). However, using neutrinos
with energiesEν � 15 GeV together with the “magic” base-
lines mentioned above, it should even be possible with
today’s νSM neutrino oscillation parameter uncertainties
(of about ±2σ). But this chance depends on the actual
magnitudes of the NP parameters and the actual precision
of the experiment (which may, of course, be required to
be much better than the allowed νSM neutrino oscillation
parameter errors).
Finally, it should be stressed that the full quantitative

treatment of the NP effects in future facilities should be
based on realistic observables, related, for example, to the
expected numbers of events at the corresponding facili-
ties. However, as stated in the beginning of Sect. 2, this
would require not only the knowledge of the NP gener-
ated transition probability modifications, but also the NP
generated modifications of the production and detection
neutrino cross sections need to be known. Some prelimi-
nary studies [29] suggest that the expected effects on the
last two terms can be of the same order as these on the first
term (shown in this paper).
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Appendix: First order approximations
for flavor transition probabilities

Here we collect all formulas for the flavor transition prob-
abilities, in constant density matter, for all experimentally
available neutrino and antineutrino channels. As already
mentioned, in all formulas, we assume δm221 = δm

2
sol, and

δm231 = ±δm
2
atm+ δm

2
sol/2, where the upper (lower) sign

refers to the normal (inverted) mass hierarchy [98, 99].

Firstly, we show formulas required in order to calculate
the c term in (22), which is responsible for the initial and
final neutrino state modifications [95]:

δP cα→β(L) = (cαα+ cββ)P
SM
α→β(L)−2Re(cαβ)

−4
∑

i>k

Re
[
(δT̃ c)ikαβ

]
sin2
(
∆̃ik

2

)

−2
∑

i>k

Im
[
(δT̃ c)ikαβ

]
sin
(
∆̃ik
)
, (A.1)

where

(δT̃ c)ikαβ =−
∑

γ

(
δλαγ ŨγiŨβk+ δλβγŨαiŨγk

)
Ũ∗αkŨ

∗
βi

−
∑

γ

(
δλ∗αγŨ

∗
γkŨ

∗
βi+ δλ

∗
βγŨ

∗
αkŨ

∗
γi

)
ŨαiŨβk ,

(A.2)

and

∆̃ik =
δm̃2ijL

2Eν
. (A.3)

Here, Ũαi and δm̃
2
ij are, respectively, the effective mix-

ing matrix elements and the effective mass square differ-
ences, coming from the diagonalization of the νSM Hamil-
tonian in matter (without any NP; see, for example, [110]),
and δλαβ can be calculated by putting δΛ = 1−UU†

(compare (10)).
Secondly, as described in Sect. 2, not all available

channels were discussed in this paper. We were only
interested in the νµ → νe, νµ → ντ and νµ → νµ chan-
nels, including the corresponding antineutrino transi-
tions. In this appendix, however, we collect all required
equations.
In any case, the total transition probability is de-

composed into several terms according to (21)–(23), (28)
and (29). In general, the mass term δPmassβ→γ ((23) and (29))
does not vanish only for channels in which νe and νē do not
enter. This term is also, up to the sign, the same for all such
channels. Let us put

Cα =∆ sin(2∆) sin(2θ12) sin
2(2θ23)

× [cos(θ23) cos(χeµ)εeµ− cos(χeτ ) sin(θ23)εeτ ] ,
(A.4)

Cs =
Âe

1− Âe

{
∆ sin(2∆) sin2(2θ23)

× [cos(δ13+χeµ) sin(θ23)εeµ

+cos(θ23) cos(δ13+χeτ )εeτ ]
}
. (A.5)

For the νµ→ νe transition, we obtain

δPmassµ→e = 0 , B
0
µe = 0 , (A.6)
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and two non-vanishing terms have the following form:

Bαµe =
1

(
Âe−1

)
Â2e
cos(θ23) sin(2θ12)

×
{
εeτ cos(θ23) sin(θ23)

[
cos(χeτ )

[
Âe cos(2∆)

− Âe cos
(
2
(
Âe−1

)
∆
)
−2
(
Âe−2

)
sin2
(
Âe∆

)]

+sin(χeτ )Âe

×
[
sin(2∆)− sin

(
2
(
1− Âe

)
∆
)
− sin

(
2Âe∆

)]]

+ εeµ
[
2 cos(χeµ) sin

(
Âe∆

)

×
[
2
(
Âe−1

)
cos2(θ23) sin

(
Âe∆

)

+ Âe
(
sin
((
Âe−2

)
∆
)
+sin

(
Âe∆

))
sin2(θ23)

]

+sin(χeµ)Âe sin
2(θ23)

×
[
sin(2∆)− sin

(
2
(
1− Âe

)
∆
)
− sin

(
2Âe∆

)]]}
,

(A.7)

Bsµe =
1

(
Âe−1

)
Â2e
sin(θ23)

{
εeτ sin(θ23) cos(θ23)

×
[
cos(δ13+χeτ )

[
1+ Âe−

(
Âe−1

)
cos(2∆)

− cos
(
2
(
Âe−1

)
∆
)
−
(
1− Âe

)
cos
(
2Âe∆

)]

+sin(δ13+χeτ )
(
Âe−1

)

×
[
sin(2∆)− sin

(
2
(
1− Âe

)
∆
)
− sin

(
2Âe∆

)]]

+ εeµ
[
cos(δ13+χeµ)

×
[(
Âe−1

)
cos2(θ23)

(
cos(2∆)− cos

(
2
(
Âe−1

)
∆
)

+2 sin2
(
Âe∆
))
+4Âe sin

2
((
Âe−1

)
∆
)
sin2(θ23)

]

+sin(δ13+χeµ)
(
Âe−1

)
cos2(θ23)

×
[
sin
(
2
(
1− Âe

)
∆
)
− sin(2∆)+sin

(
2Âe∆

)]]}
.

(A.8)

For the νµ → ντ transition, all terms are different from
zero. According to the previous discussion, the leading
term B0µτ = B

0 (see (33)) and the two non-leading terms
are given by

Bαµτ =
sin(2θ23)

2
(
−1+ Âe

)
Âe

{
εeµ sin(2θ12) sin(θ23)

×
[
cos(χeµ)

[[
cos
(
2
(
−1+ Âe

)
∆
)
− cos

(
2Âe∆

)]

×
(
1− Âe+cos(2θ23)

)

+2
(
2− Âe−2Â

2
e

)
cos2(θ23) sin

2(∆)

+
(
4Â2e−2Âe

)
sin2(θ23) sin

2(∆)
]

− Âe sin(χeµ)

×
[
sin(2∆)+sin

(
2
(
1− Âe

)
∆
)
+sin

(
2Âe∆

)]]

+ εeτ cos(θ23) sin(2θ12)
[
cos(χeτ )

×
[[
cos
(
2
(
−1+ Âe

)
∆
)
− cos

(
2Âe∆

)]

×
(
−1+ Âe+cos(2θ23)

)

+2Âe cos
2(θ23) sin

2(∆)−4Â2e cos(2θ23) sin
2(∆)

+2
(
Âe−2

)
sin2(∆) sin2(θ23)

]

+ Âe sin(χeτ )

×
[
− sin(2∆)+sin

(
2
(
1− Âe

)
∆
)
+sin

(
2Âe∆

)]]

−4
(
−1+ Âe

)
Â2e cos

2(θ12) cos(2θ23)

× (2∆ cos(∆)− sin(∆)) sin(∆)

× [sin(2θ23)(εµµ− εττ)+2 cos(2θ23) cos(χµτ )εµτ ]
}
,

(A.9)

Bsµτ =
sin(2θ23)

2
(
−1+ Âe

)2
{
εeµ cos(θ23)

[
2 cos(δ13+χeµ) sin(∆)

×
[(
− Âe−

(
1−4Âe+2Â

2
e

)
cos(2θ23)

)
sin(∆)

−
(
Âe− cos(2θ23)

)
sin
(
∆−2Âe∆

)]

+
(
−1+ Âe

)
sin(δ13+χeµ)

×
[
sin(2∆)− sin

(
2
(
1− Âe

)
∆
)
− sin

(
2Âe∆

)]]

+ εeτ sin(θ23)
[
2 cos(δ13+χeτ ) sin(∆)

×
[(
− Âe+

(
1−4Âe+2Â

2
e

)
cos(2θ23)

)
sin(∆)

−
(
Âe+cos(2θ23)

)
sin
(
∆−2Âe∆

)]

−
(
−1+ Âe

)
sin(δ13+χeτ )

×
[
sin(2∆)− sin

(
2
(
1− Âe

)
∆
)
− sin

(
2Âe∆

)]]}
.

(A.10)

For the mass correction terms, the first one, C0µτ , is
given by (33), and the two other universal terms are the
following:

Cαµτ = C
α , Csµτ = C

s . (A.11)

Also for the νµ→ νµ transition, all terms contribute. The
modulus of the first interaction correction term is given
by (33), whereas the two remaining terms are as follows:

Bαµµ =
2

(
−1+ Âe

)
Âe
{εeµ cos(χeµ) cos(θ23) sin(2θ12)

×
[(
−1+ Âe

)
cos
(
2Âe∆

)
cos4(θ23)

+ Âe sin
2(θ23)

(
−1+cos

(
2
(
−1+ Âe

)
∆
)
sin2(θ23)

−2
(
−1+ Âe

)
sin2(∆) sin2(θ23)

)

+cos2(θ23)
(
1− Âe

+
(
−1+ Âe

)
cos
(
2
(
−1+ Âe

)
∆
)
sin2(θ23)

+ Âe cos
(
2Âe∆

)
sin2(θ23)

−2 sin2(∆) sin2(θ23)+2Âe sin
2(∆) sin2(θ23)

+2Â2e sin
2(∆) sin2(θ23)

)]

+
1

2
εeτ cos(χeτ ) cos(θ23) sin(2θ12)

×
[
2 cos

(
2Âe∆

)
cos3(θ23) sin(θ23)

+2 cos
(
2
(
−1+ Âe

)
∆
)
cos(θ23) sin

3(θ23)

+4 cos(θ23) sin
2(∆) sin3(θ23)− sin(2θ23)

+ Â2e sin
2(∆) sin(4θ23)

]

+
(
−1+ Âe

)
Â2e cos

2(θ12)(2∆ cos(∆)− sin(∆))

× sin(∆) sin(4θ23)

× [sin(2θ23)(εµµ− εττ)+2 cos(2θ23) cos(χµτ )εµτ ]
}
,

(A.12)
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Bsµµ =
2

(
−1+ Âe

)2 {εeµ cos(δ13+χeµ)

×

[
sin(θ23)

2

(
−1+2Âe− cos(2θ23

))

×
(
−1+cos

(
2Âe∆

)
cos2(θ23)

+cos
(
2
(
−1+ Âe

)
∆
)
sin2(θ23)

)

+cos(θ23) sin
2(∆)

((
−1+ Âe

)
Âe cos

2(θ23)

−
(
1+
(
−3+ Âe

)
Âe
)
sin2(θ23)

)
sin(2θ23)

]

+ εeτ cos(δ13+χeτ ) sin(θ23)

×
[
−2 cos3(θ23) sin

2
(
Âe∆

)
sin(θ23)

−2 cos(θ23) sin
2
(
∆− Âe∆

)
sin3(θ23)

+sin2(∆)

×
((
2− Âe

)
Âe cos(2θ23)+sin

2(θ23)
)
sin(2θ23)

]}
.

(A.13)

The mass term for this channel has the opposite sign, in
comparison to the previously discussed transition νµ→ ντ :

δPmassµ→µ =−δP
mass
µ→τ . (A.14)

Finally, the νSM probabilities are as follows:

P SMµ→e =
α2

Â2e

(
cos2(θ23) sin

2
(
Âe∆

)
sin2(2θ12)

)

+
sin2(2θ13)
(
−1+ Âe

)2
(
sin2
(
∆− Âe∆

)
sin2(θ23)

)

−
α sin(2θ13)
(
−1+ Âe

)
Âe

×
{
[cos(δ13) cos(∆)+sin(δ13) sin(∆)]

× sin
(
Âe∆

)
sin
(
∆− Âe∆

)
sin(2θ12) sin(2θ23)

}
,

(A.15)

P SMµ→τ = sin
2(∆) sin2(2θ23)

−α∆ cos2(θ12) sin(2∆) sin
2(2θ23)

+
α2

4Â2e

×
{
sin(∆) sin

(
∆−2Âe∆

)
sin2(2θ12) sin

2(2θ23)
}

−
sin2(2θ13)

4
(
−1+ Âe

)2
{
sin(∆)

[
2
(
Âe−1

)
Âe∆ cos(∆)

+sin(∆)+sin
(
∆−2Âe∆

)]
sin2(2θ23)

}

+
α sin(2θ13)

2
(
−1+ Âe

)
Âe

{
− cos(δ13)

[
cos(2θ23) sin(∆)

×
((
−1+2Â2e

)
sin(∆)+sin

(
∆−2Âe∆

))

× sin(2θ12) sin(2θ23)
]

−2 sin(δ13)
[
sin(∆) sin

(
Âe∆

)
sin
(
∆− Âe∆

)

× sin(2θ12) sin(2θ23)
]}
, (A.16)

P SMµ→µ = 1− sin
2(∆) sin2(2θ23)

+α∆ cos2(θ12) sin(2∆) sin
2(2θ23)

+
sin2(2θ13)

4
(
−1+ Âe

)2
{
−4 sin2

(
∆− Âe∆

)
sin4(θ23)

+
(
sin2(∆)+

(
−1+ Âe

)
Âe∆ sin(2∆)

− sin2
(
Âe∆)

)
sin2(2θ23)

}

−
α2

4Â2e
sin2(2θ12)

{
4 cos4(θ23) sin

2
(
Âe∆

)

+sin2
(
∆− Âe∆

)
sin2(2θ23)

}

+
α sin(2θ13)
(
−1+ Âe

)
Âe
cos(δ13) sin(2θ12)

×
{
sin2(∆)

(
Â2e cos(2θ23)+sin

2(θ23)
)
sin(2θ23)

− sin(θ23)
(
2 cos3(θ23) sin

2
(
Âe∆

)

+sin2
(
∆− Âe∆

)
sin(θ23) sin(2θ23)

)}
. (A.17)

The formulas for the time reversed channels, νe→ νµ
and ντ → νµ, are obtained from the above formulas after
the replacements ∆→−∆ and ∆̃ik →−∆̃ik. Finally, if
neither scalar nor pseudoscalar neutrino interactions are
considered (like in the model that we present here [29]), for
antineutrinos the interaction Hamiltonian H is replaced
by −H∗; thus the transitions formulas for the channels
νµ̄→ νē, νµ̄→ ντ̄ and νµ̄ → νµ̄ are easily obtained after
the replacements δ13→−δ13, Âe→−Âe and δλαβ → δλ∗αβ
(hence also χαβ →−χαβ). This completes the set of νSM
transition probability formulas and the NP corrections to
them, for all experimentally available channels.
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